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Abstract
Let Λ be a 1-Auslander-Gorenstein algebra. We give a necessary and sufficient
condition for Λ to be a tilted algebra.
1 Introduction
We set the notations for the remainder of this paper. All algebras are assumed to be
finite dimensional over an algebraically closed field k. If Λ is a k-algebra then denote
by modΛ the category of finitely generated right Λ-modules and by indΛ a set of
representatives of each isomorphism class of indecomposable right Λ-modules. Given
M ∈ modΛ, the projective dimension ofM in modΛ is denoted by pdΛ M and its injec-
tive dimension by idΛ M. We denote by addM the smallest additive full subcategory of
modΛ containingM, that is, the full subcategory of modΛwhose objects are the direct
sums of direct summands of the module M. We let τΛ and τ
−1
Λ
be the Auslander-Reiten
translations in modΛ. D will denote the standard duality functor Homk(−, k). Given
a Λ-module M, denote the kernel of a projective cover by ΩΛM. ΩΛM is called the
syzygy of M. Denote the cokernel of an injective envelope by Ω−1
Λ
M. Ω−1
Λ
M is called
the cosyzygy of M. Finally, let gl.dimΛ stand for the global dimension and domdimΛ
stand for the dominant dimension of an algebra Λ (see Definition 1.5).
LetΛ be an algebra of finite type. AΛ-moduleM is an additive generator of modΛ
provided every indecomposable Λ-module is a direct summand of M. Auslander in
[4] characterized the endomorphism algebras of additive generators as those algebras
which have global dimension at most 2 and dominant dimension at least 2. The algebras
occurring in this way are now called Auslander algebras.
Another characterization of Auslander algebras concerns properties of a certain
subcategory of modΛ. Let Q˜ be the direct sum of representatives of the isomorphism
classes of all indecomposable projective-injective Λ-modules. Let CΛ be the full sub-
category consisting of all modules generated and cogenerated by Q˜ (see Definition 1.2
and Definition 1.3). When gl.dimΛ = 2, Crawley-Boevey and Sauter showed in [5]
∗2010 Mathematics Subject Classification: 16G10. Keywords: 1-Auslander-Gorenstein algebras; Aus-
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that the algebra Λ is an Auslander algebra if and only if there exists a tilting-cotilting
Λ-module TC in CΛ (see Definition 1.15).
Recent work by Nguyen, Reiten, Todorov, and Zhu in [9] has showed the existence
of a tilting or cotilting module in CΛ is equivalent to the dominant dimension of Λ
being at least 2 without any condition on the global dimension of Λ. Iyama and Sol-
berg defined m-Auslander-Gorenstein algebras in [7] as algebras where the dominant
dimension is equal to the Gorenstein dimension. (see Definition 1.7). In particular, a 1-
Auslander-Gorenstein algebraΛ is either a selfinjective algebra or a Goresntein algebra
satisfying idΛ ΛΛ = domdimΛ = 2. Nguyen, Reiten, Todorov, and Zhu also showed
that an algebraΛ is 1-Auslander-Gorenstein if and only if CΛ contains a tilting-cotilting
module. Their results suggest 1-Auslander-Gorenstein algebras are generalizations of
Auslander algebras.
Tilting theory is one of the main themes in the study of the representation theory of
algebras. Tilted algebras were introduced by Happel and Ringel in [6]. Tilted algebras
have been the subject of much investigation and several characterizations are known.
An interesting question concerns when an Auslander algebra is also a tilted algebra.
This problem was studied and answered by Zito in [11]. The proof relied heavily on a
recent characterization of tilted algebras by Jaworska, Malicki, and Skowron´ski in [8].
They showed an algebra Λ is tilted if and only if there exists a sincere module M such
that HomΛ(M, τΛX) = 0 or HomΛ(X,M) = 0 for every module X ∈ indΛ. Zito was
able to show the tilting-cotilting module in CΛ satisfied these conditions.
Considering 1-Auslander-Gorenstein algebras as generalizations of Auslander al-
gebras, it’s natural to ask when such an algebra is also a tilted algebra. In this paper,
we give a necessary and sufficient condition for a 1-Auslander-Gorenstein algebraΛ to
be tilted. The proof involves studying a particular full subcategory induced by TC and
taking advantage of certain homological properties of tilted algebras.
Here, we let TC be the tilting-cotilting module in CΛ, CogenTC be the class of mod-
ules X in modΛ cogenerated by TC, P
1(Λ) be the full subcategory of modΛ whose
objects are all the Λ-modules Y such that pdΛ Y ≤ 1, and LΛ be the full subcategory of
modΛ consisting of all indecomposable Λ-modules whose predecessors have projec-
tive dimension at most 1 (see Definition 1.22).
Theorem 1.1. (Theorem 2.1). Suppose Λ is a 1-Auslander-Gorenstein algebra. Then
Λ is a tilted algebra if and only if addLΛ = CogenTC.
1.1 Properties of the Subcategory CΛ
Let Λ be an algebra.
Definition 1.2. Let M be a Λ-module. We defineGen M to be the class of all modules
X in modΛ generated by M, that is, the modules X such that there exists an integer
d ≥ 0 and an epimorphism Md → X of Λ-modules. Here, Md is the direct sum of d
copies of M. Dually, we define Cogen M to be the class of all modules Y in modΛ
cogenerated by M, that is, the modules Y such that there exist an integer d ≥ 0 and a
monomorphism Y → Md of Λ-modules.
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Definition 1.3. Let Q˜ be the direct sum of representatives of the isomorphism classes
of all indecomposable projective-injectiveΛ-modules. Let CΛ := (GenQ˜) ∩ (CogenQ˜)
be the full subcategory consisting of all modules generated and cogenerated by Q˜.
When gl.dimΛ = 2, Crawley-Boevey and Sauter showed the following characteri-
zation of Auslander algebras.
Lemma 1.4. [5, Lemma 1.1] If gl.dimΛ = 2, then CΛ contains a tilting-cotilting mod-
ule if and only if Λ is an Auslander algebra.
Nguyen, Reiten, Todorov, and Zhu in [9] studied the existence of such tilting and
cotilting modules without any condition on the global dimension of Λ and gave a pre-
cise description. We first recall the definition of the dominant dimension of an algebra.
Definition 1.5. Let Λ be an algebra and let
0 → ΛΛ → I0 → I1 → I2 → · · ·
be a minimal injective resolution of Λ. Then domdimΛ = n if Ii is projective for
0 ≤ i ≤ n − 1 and In is not projective. If all In are projective, we say domdimΛ = ∞.
Theorem 1.6. [9, Corollary 2.4.2] Let CΛ be the full subcategory consisting of all mod-
ules generated and cogenerated by Q˜
(1) The following statements are equivalent:
(a) domdimΛ ≥ 2
(b) CΛ contains a tilting module TC
(c) CΛ contains a cotilting module CC.
(2) If a tilting module TC exists in CΛ, then TC  Q˜ ⊕ (
⊕
i
Ω−1
Λ
Pi), where Ω
−1
Λ
Pi is
the cosyzygy of Pi and the direct sum is taken over representatives of the isomor-
phism classes of all indecomposable projective non-injective Λ-modules Pi.
(3) If a cotilting module CC exists in CΛ, then CC  Q˜⊕ (
⊕
i
ΩΛIi) where ΩΛIi is the
syzygy of Ii and the direct sum is taken over representatives of the isomorphism
classes of all indecomposable injective non-projective Λ-modules Ii.
Recently, Iyama and Solberg definedm-Auslander-Gorenstein algebras in [7]. They
also showed that the notion of m-Auslander-Gorenstein algebra is left and right sym-
metric.
Definition 1.7. An algebra Λ is m-Auslander-Gorenstein if
idΛ ΛΛ ≤ m + 1 ≤ domdimΛ.
In particular, a 1-Auslander-Gorenstein algebra Λ is either a selfinjective algebra
or a Goresntein algebra satisfying idΛ ΛΛ = domdimΛ = 2. Nguyen, Reiten, Todorov,
and Zhu provide a characterization of 1-Auslander-Gorenstein algebras in terms of the
existence of a tilting-cotilting module in CΛ.
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Theorem 1.8. [9, Theorem 2.4.12] Let Λ be an algebra. Then the subcategory CΛ
contains a tilting-cotiltingmodule if and only ifΛ is a 1-Auslander-Gorenstein algebra.
The following statement generalizes Crawley-Boevey and Sauter’s result from [5].
Proposition 1.9. [9, Corollary 2.4.13] Let Λ be an algebra with gl.dimΛ < ∞. Then
the subcategory CΛ contains a tilting-cotilting module if and only if Λ is an Auslander
algebra.
We will need the following lemma.
Lemma 1.10. [9, Lemma 1.1.4]LetΛ be an algebra. Let X ∈ CΛ. Let Y be aΛ-module
with pdΛ Y = 1. Then Ext
1
Λ(Y, X) = 0.
1.2 Tilting and Cotilting Modules
We begin with the definition of tilting and cotilting modules.
Definition 1.11. Let Λ be an algebra. A Λ-module T is a partial tilting module if the
following two conditions are satisfied:
(1) pdΛ T ≤ 1.
(2) Ext1Λ(T, T ) = 0.
A partial tilting module T is called a tilting module if it also satisfies:
(3) There exists a short exact sequence 0 → Λ → T ′ → T ′′ → 0 in modΛ with T ′
and T ′′ ∈ addT .
AΛ-moduleC is a partial cotilting module if the following two conditions are satisfied:
(1′) idΛC ≤ 1.
(2′) Ext1Λ(C,C) = 0.
A partial cotilting module is called a cotilting module if it also satisfies:
(3′) There exists a short exact sequence 0 → C′ → C′′ → DΛ → 0 in modΛ with
C′ and C′′ ∈ addC.
Tilting modules and cotilting modules induce torsion pairs in a natural way. We
consider the restriction to a subcategoryC of a functor F defined originally on a module
category, and we denote it by F |C.
Definition 1.12. A pair of full subcategories (T ,F ) of modΛ is called a torsion pair
if the following conditions are satisfied:
(1) HomΛ(M,N) = 0 for all M ∈ T , N ∈ F .
(2) HomΛ(M,−)|F = 0 implies M ∈ T .
(3) HomΛ(−,N)|T = 0 implies N ∈ F .
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Consider the following full subcategories of modΛ where T is a tilting Λ-module.
T (T ) = {M ∈ modΛ | Ext1Λ(T,M) = 0}
F (T ) = {M ∈ modΛ | HomΛ(T,M) = 0}
Then (GenT,F (T )) = (T (T ),Cogen(τΛT )) is a torsion pair in modΛ. Consider the
following full subcategories of modΛ where C is a cotilting Λ-module.
T (C) = {M ∈ modΛ | Ext1Λ(M,C) = 0}
F (C) = {M ∈ modΛ | HomΛ(M,C) = 0}
Then (Gen(τ−1
Λ
C),T (C)) = (F (C),Cogen(C)) is a torsion pair in modΛ. We refer the
reader to [2] for more details.
Definition 1.13. Let T be a full subcategory of modΛ. We say a Λ-module X ∈ T is
Ext-projective if Ext1
Λ
(X,−)|T = 0.
The following proposition characterizes Ext-projectives in torsion classes.
Proposition 1.14. [2, VI.1, Proposition 1.11] Let (T ,F ) be a torsion pair in modΛ
and X ∈ T be an indecomposableΛ-module. Then X is Ext-projective in T if and only
if τΛX ∈ F .
We need the following characterization of tilting modules.
Theorem 1.15. [2, VI.2, Theorem 2.5] Let T be a partial tilting Λ-module. Then T is
a tilting Λ-module if and only if, for every X ∈ modΛ, X ∈ addT if and only if X is
Ext-projective in T (T ).
We say a torsion pair (T ,F ) is splitting if every indecomposableΛ-module belongs
to either T or F . Let Λ have domdimΛ ≥ 2 and (T (TC),F (TC)) be the torsion pair
induced by TC.
Proposition 1.16. [11, Proposition 2.2]. The torsion pair (T (TC),F (TC)) is splitting
if and only if pdΛ X ≤ 1 for every X ∈ F (TC).
1.3 Tilted Algebras
We now state the definition of a tilted algebra.
Definition 1.17. Let A be a hereditary algebra with T a tilting A-module. Then the
algebra Λ = EndA T is called a tilted algebra.
The following lemma provides a useful criterion for a Λ-module to have projective
or injective dimension at most 1 in a tilted algebra.
Lemma 1.18. [10, Lemma 3.1] Let Λ be a tilted algebra and M a Λ-module.
(1) pdΛ M ≤ 1 if and only if HomΛ(τ
−1
Λ
Ω−1
Λ
Λ,M) = 0.
5
(2) idΛ M ≤ 1 if and only if HomΛ(M, τΛΩΛDΛ) = 0.
We note the above result was proved in the more general context of algebras of
gl.dimΛ = 2. The next lemma gives homological dimension information on τ−1
Λ
Ω−1
Λ
Λ
and τΛΩΛDΛ.
Lemma 1.19. Let Λ be a tilted algebra.
(1) If X ∈ add(τ−1
Λ
Ω−1
Λ
Λ), then idΛ X ≤ 1.
(2) If X ∈ add(τΛΩΛDΛ), then pdΛ X ≤ 1.
Proof. We prove (1) with the proof of (2) similar. If gl.dimΛ ≤ 1, then we are done.
If gl.dimΛ = 2, Lemma 1.18 (1) implies pdΛ X = 2 for every X ∈ add(τ
−1
Λ
Ω−1
Λ
Λ). It
is well known pdΛ X ≤ 1 or idΛ X ≤ 1 for every X ∈ indΛ when Λ is a tilted algebra.
Thus, we must have idΛ X ≤ 1 for every indecomposable X ∈ add(τ
−1
Λ
Ω−1
Λ
Λ) and our
result follows. 
The following result was shown in [11] and gives a necessary and sufficient condi-
tion for an Auslander algebra to be tilted. We note an algebra of global dimension less
then or equal to 1 is hereditary and thus tilted.
Theorem 1.20. [11, Theorem 2.3] Let Λ be an Auslander algebra of gl.dimΛ = 2.
Then Λ is tilted if and only if pdΛ(τΛΩΛDΛ) ≤ 1.
Our final result in this section shows the induced torsion pair, (T (TC),F (TC)), will
always split when Λ is an Auslander and tilted algebra.
Proposition 1.21. Let Λ be an Auslander and tilted algebra. Let (T (TC),F (TC)) be
the torsion pair induced by TC. Then (T (TC),F (TC)) is splitting.
Proof. Let X ∈ F (TC). We need to show pdΛ X ≤ 1. Proposition 1.16 will then imply
the torsion pair is splitting. If pdΛ X = 2, Lemma 1.18 (1) says HomΛ(τ
−1
Λ
Ω−1
Λ
Λ, X) ,
0. Since X ∈ F (TC) = Cogen(τΛTC), we have HomΛ(τ
−1
Λ
Ω−1
Λ
Λ, τΛTC) , 0. Again,
using Lemma 1.18 (1), pdΛ(τΛTC) = 2. Since TC is a cotilting module, Theorem 1.6
(3), says τΛTC = τΛ(
⊕
i
ΩΛIi) where ΩΛIi is the syzygy of Ii and the direct sum is
taken over representatives of the isomorphism classes of all indecomposable injective
non-projective Λ-modules Ii. However, this a contradiction to Lemma 1.19 (2). Thus,
pdΛ X ≤ 1. Since X was arbitrary, we conclude the induced torsion pair (T (TC),F (TC))
is splitting.

1.4 LΛ, Projective Dimension, and Global Dimension
Given X, Y ∈ indΛ, we denote X { Y in case there exists a chain of nonzero mor-
phisms
X = X0
f1
−→ X1
f2
−→ · · ·Xt−1
ft
−→ Xt = Y
with t ≥ 0, between indecomposable modules. In this case we say X is a predecessor
of Y and Y is a predecessor of itself. We now recall the definition of the left part of a
module category.
6
Definition 1.22. Let Λ be an algebra. We denote by LΛ the following subcategory of
indΛ:
LΛ = {Y ∈ indΛ : pdΛ X ≤ 1 for each X { Y}.
We call LΛ the left part of the module category modΛ.
It is easy to see that LΛ is closed under predecessors and addLΛ ⊆ P
1(Λ). The
next result gives necessary and sufficient conditions for an indecomposable module Y
to be in LΛ.
Theorem 1.23. [1, Theorem 1.1] Let Λ be an algebra with Y ∈ indΛ. Then Y ∈ LΛ
if and only if, for every X ∈ indΛ with projective dimension at least two, we have
HomΛ(X, Y) = 0.
The following result on projective dimensions is needed.
Lemma 1.24. [2, Appendix, Proposition 4.7]. Let Λ be an algebra and suppose that
0→ L → M → N → 0 is a short exact sequence in modΛ.
pdΛ N ≤ max(pdΛ M, 1 + pdΛ L), and equality holds if pdΛ M , pdΛ L.
In computing the global dimension of an algebra, the following theorem due to
Auslander is very useful.
Theorem 1.25. [3] If Λ is an algebra, then
gl.dimΛ = 1 +max{pdΛ(radeΛ); e ∈ Λ is a primitive idempotent}.
2 Main Result
We begin with two straightforward propositions.
Proposition 2.1. Suppose Λ is a 1-Auslander-Gorenstein algebra. Denote by CΛ the
the full subcategory consisting of all modules generated and cogenerated by the direct
sum of all indecomposable projective-injective Λ-modules. Let TC denote the unique
tilting-cotilting module in CΛ. Then P
1(Λ) ⊆ CogenTC.
Proof. Let X ∈ P1(Λ). If X is projective, then X ∈ CogenTC by the definition of a
tilting module. If pdΛ X = 1, then Lemma 1.10 gives Ext
1
Λ(X, TC) = 0. Since TC is a
cotilting module, we must have X ∈ CogenTC. 
Proposition 2.2. Suppose Λ is a 1-Auslander-Gorenstein algebra. Denote by CΛ the
the full subcategory consisting of all modules generated and cogenerated by the direct
sum of all indecomposable projective-injective Λ-modules. Let TC denote the unique
tilting-cotilting module in CΛ. Then Λ is an Auslander algebra if and only if P
1(Λ) =
CogenTC.
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Proof. AssumeΛ is an Auslander algebra. We know from Proposition 2.1 thatP1(Λ) ⊆
CogenTC. Now, assume X ∈ CogenTC but X < P
1(Λ). SinceΛ is an Auslander algebra,
we must have pdΛ X = 2. Since X ∈ CogenTC, we have a short exact sequence
0→ X → T ′C → Y → 0
where T ′
C
∈ addTC. Since pdΛ TC ≤ 1, Lemma 1.24 says pdΛ Y = 3 and we have a
contradiction. Thus, P1(Λ) = CogenTC.
Next, assume P1(Λ) = CogenTC. Let P be any indecomposable projective module.
Since TC is a tilting module, we know P ∈ CogenTC. Thus, the radical of P belongs to
CogenTC and must have projective dimension less than or equal to one. Theorem 1.25
implies the global dimension of Λ is finite. Proposition 1.9 gives Λ is an Auslander
algebra. 
We are now ready to prove our main result.
Theorem 2.3. Suppose Λ is a 1-Auslander-Gorenstein algebra. Denote by CΛ the full
subcategory consisting of all modules generated and cogenerated by the direct sum of
all indecomposable projective-injective Λ-modules. Let TC denote the unique tilting-
cotilting module in CΛ. Then Λ is a tilted algebra if and only if addLΛ = CogenTC.
Proof. Assume addLΛ = CogenTC. First, let’s show Λ is an Auslander algebra. We
know P1(Λ) ⊆ CogenTC from Proposition 2.1 and addLΛ ⊆ P
1(Λ) from Definition
1.22. Thus, P1(Λ) = CogenTC and Proposition 2.2 gives Λ is an Auslander algebra.
By our original assumption, we certainly have TC ∈ addLΛ. Thus, τΛ(TC) ∈ addLΛ
since LΛ is closed under predecessors. We know from Theorem 1.6 (3) that τΛ(TC) =
τΛ(
⊕
i
ΩΛIi) where ΩΛIi is the syzygy of Ii and the direct sum is taken over repre-
sentatives of the isomorphism classes of all indecomposable injective non-projective
Λ-modules Ii. Theorem 1.20 implies Λ is tilted.
Now, assume Λ is a tilted algebra. We know P1(Λ) = CogenTC from Proposition
2.2 and addLΛ ⊆ P
1(Λ) from Definition 1.22. This gives addLΛ ⊆ CogenTC. Next,
assume X is an indecomposable module such that X ∈ CogenTC but X < LΛ. By
Theorem 1.23, there exists an indecomposable module Y with pdΛ Y = 2 such that
HomΛ(Y, X) , 0. Since X ∈ CogenTC, we have HomΛ(Y, TC) , 0.
Consider the induced torsion pair (T (TC),F (TC)). Since Λ is tilted, Proposition
1.21 implies the torsion pair is splitting. Thus, Y ∈ T (TC) or Y ∈ F (TC). If Y ∈ F (TC),
then Theorem 1.6 (3) and Lemma 1.18 (2) imply idΛ Y = 2. Since pdΛ Y = 2, this
contradicts the well known fact that pdΛ M ≤ 1 or idΛ M ≤ 1 for every M ∈ indΛ
when Λ is a tilted algebra. We conclude idΛ Y ≤ 1 and Y ∈ T (TC).
Next, we wish to show τΛY ∈ T (TC). Since Y is an indecomposable non-projective
module, we know τΛY is an indecomposable non-zero module. Since (T (TC),F (TC))
is splitting, if τΛY < T (TC), then τΛY ∈ F (TC). Proposition 1.14 then implies Y is
Ext-projective in T (TC) and Theorem 1.15 shows Y ∈ addTC. With pdΛ Y = 2 and TC
a tilting module, we have a contradiction.
Since τΛY ∈ T (TC), we knownExt
1
Λ(TC, τΛY) = 0. We also know, by the Auslander-
Reiten formulas and the fact TC is a tilting module, that DHomΛ(τΛY, τΛ(TC)) =
0. Now, Theorem 1.6 (3) shows τΛ(TC) = τΛ(
⊕
i
ΩΛIi). Lemma 1.18 (2) gives
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idΛ(τΛY) ≤ 1. Again, using the Auslander-Reiten formulas, Ext
1
Λ(TC, τΛY) = 0 im-
plies DHomΛ(τ
−1
Λ
(τΛY), TC)  DHomΛ(Y, TC) = 0. This is a contradiction and we
conclude X ∈ LΛ. Thus, addLΛ = CogenTC. 
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